Stability estimates for the solution of the nonlocal boundary value problem with two integral conditions for hyperbolic equations in a Hilbert space H are established. In applications, stability estimates for the solution of the nonlocal boundary value problems for hyperbolic equations are obtained.
Introduction
It is well known that nonlocal boundary value problems with integral conditions are widely used for thermo-elasticity, chemical engineering, heat conduction, and plasma physics In [] the nonlocal boundary value problem In the present paper, we consider the nonlocal boundary value problem with integral conditions
in a Hilbert space H with a self-adjoint positive definite operator A. We are interested in studying the stability of solutions of problem () under the assumption 
The main theorem
Let H be a Hilbert space, A be a positive definite self-adjoint operator with A ≥ δI, where δ > δ  > . Throughout this paper, {c(t), t ≥ } is a strongly continuous cosine operatorfunction defined by
Then, from the definition of sine operator-function s(t),
For the theory of cosine operator-function we refer to [] and [] .
Lemma . The following estimates hold:
Lemma . Suppose that assumption () holds. Then the operator T ,
has the inverse
and the following estimate is satisfied:
Proof Applying the triangle inequality and estimates (), we obtain
Estimate () follows from this estimate. Lemma . is proved.
Now, we will obtain the formula for the solution of problem () for ϕ ∈ D(A) and ψ ∈ D(A / ). It is clear that [] the initial value problem
has a unique solution,
where the function f (t) is not only continuous but also continuously differentiable on
Using () and the nonlocal boundary condition
we get
Differentiating both sides of (), we obtain
Using this formula and the integral condition
Now, we have a system of equations () and () for the solution of u  and u  . Solving it, we get
and
Hence, for the solution of the nonlocal boundary value problem () we have (), (), and (). 
are valid, where M does not depend on f (t), t ∈ [, ], ϕ, and ψ.
Proof We take the estimates
for the solution of problem (). The proof of Theorem . is based on estimates (), (), (), and the estimates for the norms of u  ,
First of all, let us find an estimate for u() H . By using () and estimates (), (), we obtain
Applying A -/ to (), we get
Using estimates (), (), we obtain
Thus, estimates (), (), and () yield estimate (). Second, applying operator A / to (), we get
Using estimates () and (), we obtain
Using (), and estimates (), (), we get
Then estimate () follows from estimates (), (), and (). Third, applying A to () and using Abel's formula, we have
and using estimates (), (), we get
In the same manner, applying A / to () and using Abel's formula, and estimates (), (), we obtain
Thus, estimate () follows from estimates () and (), and ().
Applications
Now, we consider the applications of Theorem .. First, a nonlocal boundary value problem for a hyperbolic equation
under assumption () is considered. Problem () has a unique smooth solution u(t, x) for (), smooth functions a( 
where M does not depend on ϕ(x), ψ(x), and f (t, x).
The proof of Theorem . is based on Theorem . and the symmetry properties of the space operator generated by problem ().
Proof Problem () can be written in the abstract form 
with the domain
Here, f (t) = f (t, 
under assumption (). Here, a r (x) (x ∈ Ω), ϕ(x), ψ(x) (x ∈ Ω) and f (t, x), t ∈ (, ), x ∈ Ω are given smooth functions and a r (x) ≥ a > . http://www.boundaryvalueproblems.com/content/2014/1/205
Let us introduce the Hilbert space L  (Ω) of all square integrable functions defined on Ω, equipped with the norm
Theorem . For the solution of problem (), the following stability inequalities hold:
where M does not depend on ϕ(x), ψ(x), and f (t, x) (t ∈ (, ), x ∈ Ω).
Proof Problem () can be written in the abstract form () in the Hilbert space L  (Ω) with a self-adjoint positive definite operator A = A x defined by the formula
Conclusion
This work is devoted to the study of the stability of the nonlocal boundary value problem with integral conditions for hyperbolic equations. For the solution of nonlocal boundary problem () in a Hilbert space H with a self-adjoint positive definite operator A, Theorem . is established. Two applications of Theorem . are given. Of course, stable twostep difference schemes for approximate solution of problem () can be presented. The methods given above permit us to establish the stability of these difference schemes. Applying [], we can give a numerical support of the theoretical results.
